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Signature was redacted for privacy. semi s impie rings with minimum conditions has, in a sense, been completely determined» However, our knowledge of nonsemis impie rings and algebras is far from complete.
il
The central problem in general ring theory seems to be that of determining how to build rings by combining radical rings and semisimple rings. The aspect of this problem at tacked in the present work is rather restrictive. The rings under scrutiny are assumed to be generated by semisimple subrings. Such rings will be labeled '"network".
After providing the background of necessary definitions and theorems in Chapter II, examples are provided in Chapter III to show that network rings are fairly abundant. Thus for every positive integer n, there exists a corresponding network ring generated by n semisimple subrings. The next sequence of theorems, of Chapter IV, provide a rationalization for studying only the simplest type of network ring --those that are division rings modulo the radical. After some rather general theorems in Chapter V concerning such rings, we pro vide necessary and sufficient conditions for rings generated by two division rings to be network. At this stage represen tation theory plays a leading role.
The results obtained in this thesis may be interpreted as a contribution to the theory of ring composites « A. ring composite of two given rings is merely a ring which contains isomorphic images of the two rings and yet no proper subring which contains the two images. One then speaks of the composite as being generated by the two rings* Composites of fields have been studied extensively, and in general the ring composite of two fields is no longer a field. Therefore, it is not surprising that the composites of semisimple rings are not necessarily semisimple, let alone unique.
We shall confine ourselves at all times to associative rings and, more particularly, to rings containing an identity.
Except in Chapter IV all rings are assumed to have the minimum condition on left ideals and are often restricted to be algebras of finite dimension over a base field.
II. DEFINITIONS AND PRELIMINARY THEOREMS
Throughout this thesis certain definitions and theorems will be used repeatedly. For convenience they are collected here. Theorem 2. If A/N is separable and A = 8% + N = Sg + N are two decompositions of A, then the isomorphism S 1 *= S a is -1 given by S 2 = ( 1 -n ) S z ( 1 -n ), where n is a radical element» Theorem 2 is often stated in terms of "quasi-regularity n Thus, if 1 4* n' is the Inverse of 1 + n, then (1 + n 1 )(1 + n) 1 -5-n : -r n -r rJn = 1» Consequently, n" 4 n 4-n 5 n = 0, which is a valid relation independent of the existence of an identity in the ring. One says that the elements n and n e are quasi-regular with n and n E the quasi-inverses of one another. In the Malcev theorem the isomorphism, a ->p(a), is then given by p(a) = a -n'a -an + n 6 an. However, since our rings will contain identities, this form of the theorem is inessential.
An immediate consequence of the Malcev theorem is the fact that every commutative cleft algebra which is separable modulo the radical must have a unique Wedderbum factor. We will generalize this result further in Chapter IV.
The principal purpose of this thesis is to study those rings which are generated by their Wedderburn factors. The radical of A is easily seen to be N = -ja 0 , .
Since the example is a finite dimensional algebra over a separable field, the Wedderburn principal theorem is applicable. Proof. The a in f(x,y) = a(x -y) can be chosen in n different ways.
Corollary. Given an Integer of the form a = p^ there exists a rionsemisimple algebra with n Wedderburn factors.
Proof. For every prime,p, and integer, k, there exists a Galois field with p^ elements.
The above results could have been obtained by applying Theorem 2, For if n is a radical element, then -n is the quasi-inverse of n» From p(a) = a -an =* n'a + n'an = a -an + na, we have:
y . 6 There are several ways of obtaining rings with an arbi trary integral number of Wedderburn factors. However, the most convenient device seems to be that of a direct sum.
Consider the set of all four by four matrices of the fozsn: Theorem 12, by excluding such situations, guarantees that the entire semi-primary ring will be generated.
It is interesting to observe the decomposition, provided For use here, the central simple algebra A will be chosen as a complete matrix algebra. This choice is a consequence of the ease of obtaining matric representations and the extensive theory of such representations.
Suppose that A is a primary network algebra. Then if
A is imbedded in a complete matric algebra, the isomorphism of the Wedderburn factors is given by an inner automorphism of the complete matric algebra. In the Introduction a state-ment was made concerning the uniqueness of the Wedderburn fac tors in the separable case e The following theorem can be con sidered as an extension of that result* Theorem lit* Given a cleft primary algebra, A = S + ÏÏ, S is unique if and only if a"*^Sa < S for all a such that a-^Aa = A, where a e M n > A.
In the following S x and S 2 will be isomorphic (over a field F) simple algebras, M will be a total matric algebra over F, and the identities of M, S 2 , and S 3 will be the same.
Then there exists a regular element a s M such that a"ls 1 a=s 3 . where a< £ Si, n a = a"^n x a.
Proof, a = a x + n x = a s + n 2 implies that a"^aa = a = &-l(a x 4-n x ) a = a~l(a 2 + n s ) a = a~^a x a + a~~n x a = a°^a 2 a + a"^n 2 a = a x + a~^n 2 a.
The relationship between cleft rings and network rings is given by the following theorem* Although perhaps an over simplification, it might be said that a cleft r' 3 differs A' is cleft, and must be network.
STRUCTURE OF COMPLETELY PRIMARY NETWORK ALGEBRAS
As a consequence of Theorem 11 and Theorem 12, the study of a wide class of network algebras can be reduced to the study of completely primary network algebras. We now con sider network algebras generated by two division algebras, and prove some elementary theorems concerning them. Corollary» aP = b~^ab.
Our inability, in this chapter, to give an abstract criterion for the automorphism which carries the generators of a network ring into one another to be inner, is unfortunate.
However, the difficulties involved in providing such a Proof. From Theorem 20, P = P X P 2 where p x is a matrix of the above form, and P 2 is a permutation matrix carrying corresponding irreducible constituents into one another.
However, the irreducible constituents of a completely primary algebra are isomorphic. Therefore, P 2 is the identity matrix 
